I. INTRODUCTION
Interactions amongst hadrons may be sufficiently strong to produce bound states -this picture even emerges naturally when starting from a quark model [1] . Famous examples of those are nuclei, but also amongst mesons a large number of states were recently identified as candidates for hadronic molecules. However, only if one channel is largely dominant and the (quasi)-boundstate poles are located close to the corresponding continuum threshold for the constituents that form the molecule through an s-wave interaction [2, 3] or if the N c behavior of the system can be controlled [4] , a model independent access to the nature of the state appears to be possible.
On the other hand there is a large number of proposed molecular states, where neither of the mentioned criteria applies. In this case it needs to be demonstrated that the molecular picture describes the properties of the states better than, say, a conventional quark-model description.
This might emerge, e.g., since the pattern of SU(3)-flavor breaking turns out to be different for hadron-hadron states, due to the different analytic structure of their scattering amplitudes. In this paper we discuss observables that might qualify for such a test for the possible molecular nature of the f 2 (1270), f ′ 2 (1525), f 0 (1710), and f 0 (1370). The reactions we will focus on are decays of the J/ψ. The decays of J/ψ into a vector meson φ or ω and two pseudoscalars, including their non-perturbative final state interactions driven by the presence of the scalar mesons f 0 (600) and f 0 (980), were studied recently in Refs. [5] [6] [7] .
These processes proceed through an OZI violating strong interaction and it was assumed that the transition J/ψ → V provides a scalar source term allowing for an investigation of scalar form factors (for corrections induced by the interaction of the pseudoscalars with the vector meson see Refs. [6, 8] ).
Analogous to the decay modes mentioned above are the modes J/ψ → φ(ω)f 2 (1270), J/ψ → φ(ω)f ′ 2 (1525) and J/ψ → K * 0 (890)K * 0 2 (1430). These decays were recently studied in Ref. [9] following similar steps as done in Refs. [5] [6] [7] , within the scheme where these tensor states are dynamically generated from the interaction of pairs of vector mesons. Indeed, in Ref. [10] it was shown that the f 2 (1270) and f 0 (1370) states appear naturally as bound states of ρρ using the interaction kernel provided by the hidden gauge Lagrangians [11] [12] [13] [14] . An extension to SU(3) of the former work of Ref. [10] done in Ref. [15, 16] , studying the interaction of pairs of vectors, shows that there are as many as 11 states dynamically generated, some of which can be associated to known resonances, namely the f 2 (1270), f ′ 2 (1525) and K * 2 (1430) resonances, as well as the f 0 (1370) and f 0 (1710). In this paper we investigate the same J/ψ decays together with their radiative counterparts and make predictions for ratios of decay rates for the mentioned molecular picture and a naive quark model assignment.
II. DECAY RATES IN THE MOLECULAR PICTURE
Two topologies are possible for the radiative decays of the J/ψ into light hadrons, as shown in Fig. 1 . Since the photon carries both an isospin 1 and an isospin 0 component, the hadronic final state for the mechanism of diagram (b) can have an admixture of both isospins. In diagram (a), on the other hand, also after the photon emission, the isospin of thecc pair is still zero and correspondingly the isospin of the hadronic final state is zero. Since at the charm quark mass α s is about 1/3, relatively small, and diagram (b) involves an additional loop, diagram (a) is expected to be the dominant process [17] and we therefore may assume the radiative J/ψ decays as a source for isoscalar light hadrons. This is also confirmed by data [18] . More than this, under the dominance of diagram (a), the state after the radiation is still a cc and hence an SU(3) singlet, which is relevant for the present study.
We now need to calculate the formation of the resonances. This calculation depends on the assumed nature of the states. In this section we will discuss the rates that emerge in a molecular picture for the mentioned resonances -namely they are assumed to emerge from the nonperturbative interactions of vector mesons amongst themselves. We readily get the SU(3) singlet combination of two vectors from where V is the SU(3) matrix of the vector mesons
We, thus, find the vertex
One then projects this combination over the VV states which are the building blocks of the resonance produced, with unitary normalization (an extra factor 1/ √ 2 for identical particles or symmetrized ones) and phase convention |ρ + = −|1, +1 , |K * − = −|1/2, −1/2 of isospin,
and one gets the weights for primary VV production of the process J/ψ → γVV:
Note that these weights are just SU(3) symmetry coefficients, and they are obtained with the momentum-independent approximation of the production vertices, which is valid since the mass differences among the vector mesons are small.
Schematic representation of J/ψ decay into a photon and one dynamically generated resonance.
The next step consists in producing dynamically the resonance R which is shown diagrammatically in Fig. 2 . Then in the J/ψ → γVV decay we naturally have a process as shown in Fig. 3 such that the part of the J/ψ → γR amplitude is then given by the process shown in Fig. 4 , where the VV loop stands for the VV propagator, or G function, which appears in the scattering amplitude for two vectors
withṼ the VV potential. In Fig. 4 one also has the couplings, g j , of the resonance R to the different VV intermediate states, which are calculated and tabulated in Ref. [15, 16] . Altogether the amplitude for J/ψ → γR is proportional to
The resonance decay vertices do not appear in this expression, since they are irrelevant for the discussion below, which focuses on inclusive observables. 1 In Table I the values for the G j and 1 Although experimentally a resonance R is often identified in a specific decay channel, say ππ for the f 0 (1370), g j at the resonance peak obtained in Ref. [15, 16] (10), with j one of the coupled channels: ρρ, K * K * , ωω, and φφ.
The G j 's are in units of 10 −3 , and the g j 's are in units of MeV. the J/ψ → γR decay is reconstructed by dividing by the branching ratio of R to this channel. Thus, the whole inclusive J/ψ → γR → γ(R → all) decay is obtained and this is what we calculate by means of the t-matrix of Eq. (10). 2 We have given only the real part of the G j 's and g j 's since their imaginary part is small for most cases. The uncertainties induced by using either the full complex value or only the real part are well within the range of uncertainties that we estimate below. 
For inclusive resonance production the partial decay widths are given by
where q is the photon momentum in the J/ψ rest system. For simplicity we here assume that the final phase space can be calculated with the nominal resonance mass. A more refined study would call for a proper folding with the resonance mass distribution (recall that this folding for the intermediate VV states is already done in Ref. [15, 16] ). While this is relevant when one has decays close to the threshold of the final state, in the present case there is plenty of phase space for the J/ψ → γR decay and the folding barely changes the results calculated at the central value of the resonance mass distribution.
The most difficult part of this study is the determination of the uncertainties. Since there is no proper effective field theory underlying this study, we need to estimate the uncertainties of the model via the uncertainties of the input quantities. The model used has 5 subtraction constants as parameters in the strangeness-zero channels [15, 16] . They were all demanded to take natural values, however, two of them were tuned a bit to get the masses of the tensor-mesons in agreement with data. In order to determine the uncertainties of the result we now vary all parameters independently: we produced a large number of results emerging from calculations with different subtraction constants under the constraint that the masses of the tensor mesons still are reproduced.
In addition the vector coupling constant was varied within its 10 % uncertainty. From this study a 95 % confidence level could be determined. The corresponding results that we get within the molecular picture are shown in the first column in Table II and compared with the experimental data when available [18] . Please note that the uncertainty of the super-ratio R S /R T is considerably lower, since the uncertainties in R S and R T are correlated.
We can see that we obtain a band of values perfectly compatible with the experimental data for the ratio of rates of J/ψ to γf 2 (1270) and γf ′ 2 (1525). We get a central value of 2 for this ratio. As we will show below, the quark model prediction for this quantity, assuming that the resonances belong to the same flavor nonet, is similar.
In addition to the tensor channel the model also makes predictions for the ratio of the decay rates to the two scalar states f 0 (1370) and f 0 (1710), which are also dynamically generated in the approach of Ref. [15, 16] Please note that for the decay modes J/ψ → φ(ω)f 2 (1270), J/ψ → φ(ω)f ′ 2 (1525) and J/ψ → K * 0 (890)K * 0 2 (1430), estimated within the same molecular picture as used in this section, a good agreement with the data was achieved [9] -see Fig. 6 . In the next section we shall discuss the corresponding predictions for all the channels mentioned within an admittedly naive quark model.
III. FLAVOR COUNTING CONSIDERATIONS
It is worth mentioning that the ratio of rates, R T , obtained in Table II is related to the dominance of the strange components in f ′ 2 (1525) and the nonstrange ones in f 2 (1270). In a simplemodel for these states one assumes that they belong to a nonet of tensor mesons, which includes the K * 2 (1430) [17] . Certainly, in a quark model mixing between the SU(3) singlet (uū + dd + ss)/ √ 3 and SU(3) octet isoscalar (uū + dd − 2ss)/ √ 6 is allowed. Since the mass difference between the f 2 (1270) and the f ′ 2 (1525) is approximately the same as that between the ω and the φ, we may assume ideal mixing between them, i.e., the f 2 (1270) corresponds to (uū + dd)/ √ 2, the f ′ 2 (1525) to ss (see footnote 3 ). The SU(3) singlet combination is now given by
which provides a branching ratio
where q 2 and q ′ 2 are the momenta of the f 2 (1270) and f ′ 2 (1525) in the J/ψ rest frame. This number is comparable to the one obtained in the molecular model discussed in the previous section, where the f 2 (1270) is mostly ρρ and the f ′ 2 (1525) is mostly K * K * . A fully dynamical quark model calculation for the mentioned transitions, e.g. along the lines of Refs. [19, 20] , where the strong decays of the f 2 (1270) and the f ′ 2 (1525) are well-described in the 3 P 0 quark model, would be most welcome.
Analogous flavor counting arguments provide values between 2.2 and 2.5 for the ratio R S of Table II , depending on the masses used for the scalar states, which is considerably higher than the value found within the molecular model. There are similar transitions that can be studied within the same framework, namely the ratios between the J/ψ decays into φ(ω)f 2 (1270), φ(ω)f ′ 2 (1525), K * 0K * 0 2 (1430). Within the molecular model of the previous section those were studied in Ref. [9] -the results of that reference, which describe the data well, although with a sizable uncertainty, are indicated in Fig. 6 as the blue shaded bands. It is straightforward to estimate the same ratios also within the simple quark model outlined above. Using the formulas obtained in Table I of Ref. [9] for the production of the ss,
(uū + dd), and sd components, together with φ, ω or K * 0 , one immediately finds
where the q 2 (M)'s and q ′ 2 (M)'s are the momentum of the meson M in the J/ψ rest frame in the corresponding decays, and ν measures the ratio of amplitudes for producing simultaneously two singlets and two octets of SU(3) in the J/ψ decay into φ (ω) [9] .
Before comparing the resulting ratios to the data it is useful to estimate the allowed range for ν. For that purpose we may switch to the quantity λ φ defined in Ref. [5] , which is a measure of a subdominant component in the J/ψ decay to φ and a pair ofprior to hadronization as defined
and given in terms of ν by
One can estimate the natural value of the OZI violation parameter λ φ using N c counting, with N c being the number of colors. In Fig. 5 , we show the mechanisms of the J/ψ decays into φ +get λ φ ∼ 0.33. Correspondingly, ν ≈ 1.9. Note that this number provides only a crude estimate, and the value ν = 1.45, found in Ref. [9] , as well as those used in Ref. [5] are roughly consistent with this estimate.
Experimentally one finds a band of values for each ratio: R 1 ≈ 0.22−0.47, R 2 ≈ 12.33−49.00, R 3 ≈ 11.21 − 23.08, and R 4 ≈ 0.55 − 0.89 [9] . In Fig. 6 , as the black solid line, the predictions from the naive quark model for the ratios are shown as a function of ν in the parameter range allowed. Also shown in the figure are the experimental data (gray shaded bands) as well as the predictions of Ref. [9] (blue shaded bands). As can be seen from the figure, while the molecular model appears to be fully consistent with the data, there is no value for ν in the range allowed that brings all ratios in agreement with the data -however, for ν = 1.7 or larger, R 2 and R 3 agree with the data, while R 1 and R 4 are off only by two sigma, which one might still view as acceptable given the crudeness of the quark model used here. The important message of Fig. 6 is that the predictions of the molecular model discussed here and the naive quark model are quite distinct. Further experimental and theoretical analyses are necessary to really test the nature of these resonances using the processes studied here.
IV. FURTHER DISCUSSIONS
As can be seen from the numbers listed in Table II , the central value of R T in the molecular model is similar to that in the quark model. However, they come from quite different physical sources. In the quark model, R T ≈ 2.2 comes mainly from the SU(3) flavor wave functions of the two tensor mesons modulo small kinematic correction as seen from Eq. (13) . In the molecular model, the result about 2 comes from the nontrivial interference pattern between the dominant channel and the others. To be explicit, using the values of G i and g i given in Table I and the f 0 (1710). Moreover, the corrections for these two scalars are similar, t o /t d is 9% for the f 0 (1370), and 6% for the f 0 (1710) (using the numbers given in Table I ). As a result, the value of R S is approximately 1 in the molecular model, which differs from that in the quark model.
We must mention that the current version of the PDG review [18] quotes the observation of the f 0 (1710) in three J/ψ radiative decay modes, i.e., J/ψ → γf 0 (1710) → γKK, J/ψ → γf 0 (1710) → γωω, and J/ψ → γf 0 (1710) → γππ, while no clear f 0 (1370) has been seen in these data. This, at first sight, seems to contradict the results in both the molecular model (R S = 1.2 ± 0.3) and the quark model (R S ≈ 2.2 − 2.5). However, this might be a consequence of the decay channels experimentally studied. For instance, in the molecular model used here the f 0 (1370) couples only very weakly to both KK and ωω. Thus, the non-observation of this state in the γKK and γωω decay modes of the J/ψ decays should be of no surprise in that model.
On the other hand, since in that model the f 0 (1370) couples much more strongly to ππ than the f 0 (1710) does, it seems mysterious that in the J/ψ → γππ data [24] only the f 0 (1710) is seen but not the f 0 (1370). A possible explanation is that the scalar state peaking at 1765 +4 −3 ± 13 MeV with a width of 145 ± 8 ± 69 MeV [24] might not be the same as the f 0 (1710) observed in the J/ψ → ωππ(KK). This conjecture is supported by the fact that the f 0 (1710) branching fractions to ππ and KK obtained from J/ψ → γππ(KK) data [24, 25] and J/ψ → ωππ(KK) data [26, 27] , 0.41
−0.17 and < 0.11 at 95% confidence level, respectively, are not consistent with each other, which indicates that the states observed in these two sets of data might indeed be different. On the other hand, the f 0 (1710) in the molecular picture has a branching ratio Γ ππ /Γ KK at a few percentage level [15, 16] , consistent with the f 0 (1710) observed in J/ψ → ωππ(KK) [26, 27] .
The new analysis of the BES II J/ψ → γ(ππππ) data [28] , which updates the analyses of the Mark III [29] and BES data [30] , claims that the scalar state around 1.7 ∼ 1.8 GeV is the f 0 (1790), which is also seen in J/ψ → φππ [31] . The f 0 (1370) is also definitely needed to fit the data, while no f 0 (1710) is necessary. The observations are consistent with the molecular picture for the f 0 (1710) and f 0 (1370). Indeed, since in the molecular model the ratio
is about 1 and the f 0 (1370) couples more strongly to ρρ than the f 0 (1710) does, one would naively expect to see more f 0 (1370) than f 0 (1710) in J/ψ → γ(ππππ).
The study of scalar mesons between 1 and 2 GeV has always been complicated by possible mixing with nearby glueballs, see e.g. Ref. [32] and references therein. Things might become more subtle if there exists an extra scalar state, the f 0 (1790), in addition to the f 0 (1370), f 0 (1500), and f 0 (1710). In the molecular picture of Ref. [15, 16] , possible mixing of glueballs with the f 0 (1370) and f 0 (1710) is not considered, which is in line with the study of Ref. [32] . In that paper, it is suggested that the f 0 (1500) has a large glueball component while the f 0 (1370) and f 0 (1710) have relatively small glueball components. Certainly, one should keep in mind that the f 0 (1370) and f 0 (1710) in the molecular model are dynamically generated states from vector meson-vector meson interactions while those in Ref. [32] are considered as mainlystates, and hence, one should not expect the same mixing pattern in these two pictures.
V. SUMMARY AND CONCLUSIONS
We have carried out an evaluation of the ratios of the rates for the J/ψ → γf 2 (1270), J/ψ → γf ′ 2 (1525), J/ψ → γf 0 (1370), and J/ψ → γf 0 (1710) decays. The ratios were estimated either using a molecular model, where all the mentioned states emerge as bound states or resonances of two vector mesons, as proposed in Ref. [15, 16] , or using a simple quark model. The results obtained for the ratio of the rates in the production of the tensor mesons is in good agreement with experiment for both approaches. We then make predictions for the ratio of rates for J/ψ decays into the scalar mesons, which could be tested in the future.
We also compare the predictions of the molecular model for J/ψ decays into φ, ω, K * 0 and together with the mentioned resonances [9] to those from the same quark model. Here the molecular picture can describe the decay ratios well, while the results from the simplified quark model are consistent with the data only within two sigma. Improved data are desirable to draw more firm conclusions.
In addition, a corresponding dynamical quark model calculation -including estimates of uncertainties, which was not possible in the simplified quark model used here -would be very important for the J/ψ decays discussed in this paper in order to better understand the nature of the f 2 (1270), f ′ 2 (1525), f 0 (1710), and f 0 (1370).
